The Hamiltonian reduction of SU (2) Yang-Mills theory for an arbitrary θ angle to an unconstrained nonlocal theory of a self-interacting positive definite symmetric 3 × 3 matrix field S(x) is performed. It is shown that, after exact projection to a reduced phase space, the density of the Pontryagin index remains a pure divergence, proving the θ independence of the unconstrained theory obtained. An expansion of the nonlocal kinetic part of the Hamiltonian in powers of the inverse coupling constant and truncation to lowest order, however, lead to violation of the θ independence of the theory. In order to maintain this property on the level of the local approximate theory, a modified expansion in the inverse coupling constant is suggested, which for a vanishing θ angle coincides with the original expansion. The corresponding approximate Lagrangian up to second order in derivatives is obtained, and the explicit form of the unconstrained analogue of the Chern-Simons current linear in derivatives is given. Finally, for the case of degenerate field configurations S(x) with rank S = 1, a nonlinear σ-type model is obtained, with the Pontryagin topological term reducing to the Hopf invariant of the mapping from the three-sphere S 3 to the unit two-sphere S 2 in the Whitehead form.
Introduction
For a complete understanding of the low-energy quantum phenomena of Yang-Mills theory, it is necessary to have a nonperturbative, gauge invariant description of the underlying classical theory including the θ-dependent Pontryagin term [1] - [4] . Several representations of Yang-Mills theory in terms of local gauge invariant fields have been proposed [5] - [24] in recent decades, implementing the Gauss law as a generator of small gauge transformations. However, in dealing with such local gauge invariant fields special consideration is needed when the topological term is included, since it is the four-divergence of a current changing under large gauge transformations. In particular, the consistency of constrained and unconstrained formulations of gauge theories with topological term requires us to verify that, after projection to the reduced phase space, the classical equations of motion for the unconstrained variables remain θ independent.
1 Furthermore, the question of which trace the large gauge transformations with a nontrivial Pontryagin topological index leave on the local gauge invariant fields has to be addressed.
Having this in mind, in the present paper we extend our approach [22, 27, 28] , to constructing the unconstrained form of SU(2) Yang-Mills theory to the case when the topological term is included in the classical action. We generalize the Hamiltonian reduction of classical SU(2) Yang-Mills field theory to arbitrary θ angle by reformulating the original degenerate Yang-Mills theory as a nonlocal theory of a self-interacting positive definite symmetric 3 × 3 matrix field. The consistency of the Hamiltonian reduction in the presence of the Pontryagin term is demonstrated by constructing the canonical transformation, well defined on the reduced phase space, that eliminates the θ dependence of the classical equations of motion for the unconstrained variables.
With the aim of obtaining a practical form of the nonlocal unconstrained Hamiltonian, we perform an expansion in powers of the inverse coupling constant, equivalent to an expansion in the number of spatial derivatives. We find that a straightforward application of the derivative expansion violates the principle of θ independence of the classical observables. To cure this problem, we propose to exploit the property of chromoelectromagnetic duality of pure Yang-Mills theory, symmetry under the exchange of the chromoelectric and -magnetic fields. The electric and magnetic fields are subject to dual constraints, the Gauss law and Bianchi identity, and only when both are satisfied, are the classical equations of motion θ independent. Thus any approximation in resolving the Gauss law constraints should be consistent with the Bianchi identity. We show how to use the Bianchi identity to rearrange the derivative expansion in such a way that the θ independence is restored to all orders on the classical level.
In order to have a representation of the gauge invariant degrees of freedom suitable for a study of the low-energy phase of Yang-Mills theory, we perform a principal-axes transformation of the symmetric tensor field and obtain the unconstrained Hamiltonian 1 The question of consistency of the elimination of redundant variables in theories containing both constraints and pure divergencies, the so-called "divergence problem," was analyzed for the first time in the context of the canonical reduction of general relativity by Dirac [25] and by Arnowitt, Deser, and Misner [26] .
in terms of the principal-axes variables in the lowest order in 1/g. Carrying out an inverse Legendre transformation to the corresponding unconstrained Lagrangian, we find the explicit form of the unconstrained analog of the Chern-Simons current, linear in the derivatives.
Finally, we consider the case of degenerate symmetric field configurations S with rank S(x) = 1. We find a nonlinear classical theory of a three-dimensional unit-vector n field interacting with a scalar field. Using typical boundary conditions for the unitvector field at spatial infinity, the Pontryagin topological charge density reduces to the Abelian Chern-Simons invariant density [4] . We discuss its relation to the Hopf number of the mapping from the three-sphere S 3 to the unit two-sphere S 2 in the Whitehead representation [29] . The Abelian Chern-Simons invariant is known from different areas in physics, in fluid mechanics as "fluid helicity," in plasma physics and magnetohydrodynamics as "magnetic helicity" [30] - [33] . In the context of four-dimensional Yang-Mills theory a connection between non-Abelian vacuum configurations and certain Abelian fields with nonvanishing helicity has been established already in [34, 35] .
The paper is organized as follows. In Sec. 2 the θ independence of classical Yang-Mills theory in the framework of the constrained Hamiltonian formulation is revised. Section 3 is devoted to the derivation of unconstrained SU(2) Yang-Mills theory for arbitrary θ angle. The consistency of our reduction procedure is demonstrated by explicitly quoting the canonical transformation, which removes the θ dependence from the unconstrained classical theory. In Sec. 4 the unconstrained Hamiltonian up to order o(1/g) is obtained. Section 5 presents the long-wavelength classical Hamiltonian in terms of principal-axes variables. The corresponding Lagrangian up to second order in derivatives, and the unconstrained analogue of the Chern-Simons current, linear in the derivatives, are obtained. In Sec. 6 the unconstrained action for degenerate field configurations is considered. Section 7 finally gives our conclusions. Several more technical details are presented in the Appendixes A, B, C, and D. Appendix A summarizes our notation and definitions, Appendix B is devoted to the question of the existence of the "symmetric gauge," in Appendix C the proof of the θ-dependence of the "naive" 1/g approximation is given, and Appendix D contains some technical details for the representation of the unconstrained theory in terms of principal-axes variables.
Constrained Hamiltonian formulation
Yang-Mills gauge fields are classified topologically by the value of the Pontryagin index
Its density, the so-called topological charge density Q = − (1/8 π 2 ) tr F ∧ F , being locally exact Q = dC, can be added to the conventional Yang-Mills Lagrangian with arbitrary parameter θ
without changing the classical equations of motion. In the Hamiltonian formulation, this shifts the canonical momenta, conjugated to the field variables A ai ,
by the magnetic field (θ/8 π 2 ) B ai . As a result, the total Hamiltonian [36, 37] of YangMills theory with θ angle, as a functional of canonical variables (A a0 , Π a ) and (A ai , Π ai ) obeying the Poisson bracket relations
takes the form
Here, the linear combination of three primary constraints
with arbitrary functions λ a (x) and the secondary constraints, the non-Abelian Gauss law
reflect the gauge invariance of the theory. Based on the representation (6) for the total Hamiltonian, one can immediately verify that classical theories with different value of the θ angle are equivalent. Performing the canonical transformation
to the new variables A ai and E bj , and using the Bianchi identity
one can then see that the θ dependence completely disappears from the Hamiltonian (6) . Note that the canonical transformation (9) can be represented in the form
where W [A] denotes the winding number functional
constructed from the zero component of the Chern-Simons current
The question now arises whether, after reduction of Yang-Mills theory including the topological term to the unconstrained system, a transformation analogous to Eq. (9) can be found that correspondingly eliminates any θ dependence on the reduced level, proving the consistency of the Hamiltonian reduction.
3 Unconstrained Hamiltonian formulation
Hamiltonian reduction for arbitrary θ angle
In order to derive the unconstrained form of SU(2) Yang Mills theory with the θ angle we follow the method developed in [22] . We perform the point transformation
from the gauge fields A ai (x) to the new set of three fields q j (x), j = 1, 2, 3, parametrizing an orthogonal 3 × 3 matrix O(q) and the six fields S ik (x) = S ki (x), i, k = 1, 2, 3, collected in the positive definite symmetric 3 × 3 matrix S(x). 3 Equation (14) can be seen as a gauge transformation to the new field configuration S(x) which satisfies the "symmetric gauge" condition χ a (S) := ε abc S bc = 0 .
The complete analysis of the existence and uniqueness of this gauge, i.e., whether any gauge potential A ai can be made symmetric by a unique gauge transformation, is a complex mathematical problem. Here we shall consider the transformation (14) in a region where the uniqueness and regularity of the change of coordinates can be guaranteed. In Appendix B, we prove the existence and uniqueness of the symmetric gauge for the case of a nondegenerate matrix A using the inverse coupling constant expansion. Furthermore, as an illustration of the obstruction of the uniqueness of the symmetric gauge fixing (the appearance of Gribov copies) for degenerate matrices A, the Wu-Yang monopole configuration is considered. Although it is antisymmetric in space and color indices, it can be brought into the symmetric form, but there exist two gauge transformations by which this can be achieved. The case of a degenerate matrix field S, det S = 0, will be discussed for the special situation rank S = 1 in Sec. 6. The transformation (14) induces a point canonical transformation linear in the new momenta P ik (x) and p i (x), conjugated with S ik (x) and q i (x), respectively. Their expressions in terms of the old variables (A ai (x) , Π ai (x)) can be obtained from the requirement of the canonical invariance of the symplectic one-form
with the fundamental brackets
for the new canonical pairs (S ij (x) , P ij (x)) and (q i (x) , p i (x)). The brackets (17) account for the second-class symmetry constraints S ij = S ji and P ij = P ji and therefore are Dirac brackets. As a result we obtain the expression
for the old momenta Π ai in terms of the new canonical variables (for a detailed derivation see [22] ). Here * D −1 mn (S) denotes the inverse of the differential matrix operator
the vector S is defined as
and the matrix Ω −1 is the inverse of
Here we would like to comment on the geometrical meaning of the above expressions. The vector S coincides up to divergence with the spin density part of the Noetherian angular momentum after projection to the surface given by the Gauss law constraints. Furthermore, the matrix Ω −1 defines the main geometrical structures on the SO(3, R) group manifold, namely, the three left-invariant Killing vector fields η a := Ω 
T Ω ij dq i dq j as the standard metric on S 3 . Since det Ω is proportional to the Haar measure on SO(3, R) det g = | det Ω(q) |, and it is expected to vanish at certain coordinate singularities (see also, e.g., the discussion in chap. 8 of [38] ). In deriving the expression (19) we shall here limit ourselves to the region where the matrix Ω is invertible.
The main advantage of introducing the variables S ij and q i is that they Abelianize the non-Abelian Gauss law constraints (8) . In terms of the new variables the Gauss law constraints
showing that the variables (S ij , P ij ) are gauge-invariant, physical fields. Hence, assuming det Ω(q) = 0 in Eqs. (19) and (23), the reduced Hamiltonian, defined as the projection of the total Hamiltonian onto the constraint shell, can be obtained from Eq. (6) by imposing the equivalent set of Abelian constraints
Due to gauge invariance, the reduced Hamiltonian is independent of the coordinates q i canonically conjugated to p i and is hence a function of the unconstrained gauge-invariant variables S ij and P ij only
Here the P a denotes the nonlocal functional, according to Eq. (19) defined as the solution of the system of differential equations *
The nonlocal second term in the Hamiltonian (25) therefore stems from the antisymmetric part of the Π ai , which remains after implementing Gauss's law p a = 0, in terms of the physical P ai . Hence this term contains F P −2 , [see Eq. (26)], and is the analogue of the well-known nonlocal part of the Hamiltonian in the Coulomb gauge (see, e.g., [9] ).
Furthermore,
denote the symmetric and antisymmetric parts of the reduced chromomagnetic field
It is the same functional of the symmetric field S as the original B ai (A), since the chromomagnetic field transforms homogeneously under the change of coordinates (14) . Finally, the potential V (S) is the square of the reduced magnetic field (28),
with the curvature two-form in three-dimensional Euclidean space
in terms of the symmetric one-form
whose six components depend on the time variable as an external parameter. The reduced chromomagnetic field (28) is given in terms of the dual field strength *
ajk .
Canonical equivalence of unconstrained theories with different θ angles
For the original degenerate action in terms of the A µ fields the equivalence of classical theories with arbitrary values of θ angle has been reviewed in Sec. 2. Let us now examine the same problem for the unconstrained theory derived considering the analogue of the canonical transformation (9) after projection onto the constraint surface,
One can easily check that this transformation to new variables S ai and E bj is canonical with respect to the Dirac brackets (17) . In terms of the new variables S ai and E bj the Hamiltonian (25) can be written as
with E a defined as
Now, if P a is a solution of Eq. (26), then E a is a solution of the same equation
with the replacement P ai −→ E ai , since the reduced field B ai satisfies the Bianchi identity
Hence we arrive at the same unconstrained Hamiltonian system (33) and (35) with vanishing θ angle. Note that after the elimination of the three unphysical fields q j (x) the projected canonical transformation (32) that removes the θ dependence from the Hamiltonian can be written as
which is of the same form as Eq. (11) with the nine gauge fields A ik (x) replaced by the six unconstrained fields S ik (x). In summary, the exact projection to a reduced phase space leads to an unconstrained system whose equations of motion are consistent with the original degenerate theory in the sense that they are θ independent. Thus if our consideration is restricted only to the classical level of the exact nonlocal unconstrained theory, the generalization to arbitrary θ angle can be avoided. 5 However, in order to work with such a complicated nonlocal Hamiltonian it is necessary to make approximations, such as, for example, expansion in the number of spatial derivatives, which we shall carry out in the next section. For these one has to check that this approximation is free of the "divergence problem", that is, all terms in the corresponding truncated action containing the θ angle can be collected into a four-divergence and all dependence on θ disappears from the classical equations of motion.
Expansion of the unconstrained Hamiltonian in 1/g
Let us now consider the regime when the unconstrained fields are slowly varying in spacetime and expand the nonlocal part of the kinetic term in the unconstrained Hamiltonian (25) as a series of terms with increasing powers of the inverse coupling constant 1/g, equivalent to an expansion in the number of spatial derivatives of field and momentum. Our expansion is purely formal and we shall not study the question of its convergence in this work. We shall see that for nonvanishing θ angle a straightforward expansion in 1/g leads to the above mentioned "divergence problem," and suggest an improved form of the expansion in 1/g of the unconstrained Hamiltonian exploiting the Bianchi identity.
Divergence problem in lowest-order approximation
According to [22] , the nonlocal funtional P a in the unconstrained Hamiltonian (33), defined as a solution of the system of linear differential equations (26) , can formally be expanded in powers of 1/g. The vector P a is then given as a sum of terms containing an increasing number of spatial derivatives of field and momentum
The zeroth-order term is
with γ ik := S ik − δ ik tr S, and the first-order term is determined as
from the zeroth-order term. The higher terms are then obtained by the simple recurrence relations a
Inserting these expressions into Eq. (25) we obtain the corresponding expansion of the unconstrained Hamiltonian as a series in higher and higher numbers of derivatives. Let us check whether the truncation of the expansion (38) to lowest order is consistent with θ independence, that is, whether all θ-dependent terms can be collected into a total four-divergence after Legendre transformation to the corresponding Lagrangian. In o(1/g) approximation (39), the Hamiltonian reads
where B (+) and B (−) denote the symmetric and antisymmetric parts of the chromomagnetic field, defined in Eq. (27) .
After inverse Legendre transformation of the Hamiltonian (42), the θ-dependent terms in the corresponding Lagrangian cannot be collected into a total four-divergence, as is shown in Appendix C, and therefore contribute to the unconstrained equations of motion. Hence, on applying a straightforward derivative expansion to the Yang-Mills theory with a topological term after projection to a reduced phase space, we face the "divergence problem" dicussed above.
Improved 1/g expansion using the Bianchi identity
In order to avoid the "divergence problem" one can proceed as follows. Let us consider additionally to the differential equation (26), which determines the nonlocal term P a , the Bianchi identity (36) 
Using the same type of spatial derivative expansion as before in Eqs. (39)- (41), we obtain
In this way we achieve a form of the derivative expansion such that the unconstrained Hamiltonian is a functional of the field combination
explicitly showing the chromoelectromagnetic duality on the reduced level and hence free of the "divergence problem". To obtain the unconstrained Hamiltonian up to leading order o(1/g), only the lowest term a (0)
) in the sum in Eq. (46) has to be taken into account, so that
(47) The advantage of this Hamiltonian compared with Eq. (42), derived before, is that the classical equations of motion following from Eq. (47) are θ independent. In order to obtain a transparent form of the corresponding surface term in the unconstrained action, it is useful to perform a principal-axes transformation of the symmetric matrix field S(x).
Long-wavelength approximation to reduced theory
In this section we shall first rewrite the unconstrained Hamiltonian (47) in terms of principal-axes variables of the symmetric tensor field S ij . The corresponding secondorder Lagrangian L (2) is then obtained via Legendre transformation and the form of the corresponding unconstrained total divergence derived in an explicit way.
Hamiltonian in terms of principal-axes variables
In [22] it was shown that the field S ij (x) transforms as a second-rank tensor under spatial rotations. This can be used to explicitly separate the rotational degrees of freedom from the scalars in the Hamiltonian (47) . Following [22] , we introduce the principal-axes representation of the symmetric 3 × 3 matrix field S(x),
The Jacobian of this transformation is
and thus Eq. (48) can be used as a definition of the new configuration variables, the three diagonal fields φ 1 , φ 2 , φ 3 and the three angular fields χ 1 , χ 2 , χ 3 , only if all eigenvalues of the matrix S are different. To have uniqueness of the inverse transformation we assume here that 0 < φ 1 (x) < φ 2 (x) < φ 3 (x) .
The variables φ i in the principal-axes transformation (48) parametrize the orbits of the action of a group element g ∈ SO(3, R) on symmetric matrices S → S ′ = g S g −1 . The configuration (50) belongs to the so-called principal orbit class, whereas all orbits with coinciding eigenvalues of the matrix S are singular orbits [39] . In order to parametrize configurations belonging to a singular stratum one should in principle use a decomposition of the S field different from the above principal-axes transformation (48) . Alternatively, one can consider the singular orbits as the boundary of the principal orbit-type stratum and study the corresponding dynamics using a certain limiting procedure.
7 In this section we shall limit ourselves to the consideration of the dynamics on the principal orbits and leave the important case of the singular orbits expected to contain interesting physics for future studies.
The momenta π i and p χ i , canonically conjugate to the diagonal elements φ i and χ i , can be found using the condition of the canonical invariance of the symplectic one-form
The original physical momenta P ik , expressed in terms of the new canonical variables, read
Here α i and α i denote the diagonal and off-diagonal basis elements for symmetric matrices with the orthogonality relations tr (α i α j ) = δ ij , tr (α i α j ) = 2 δ ij , tr (α i α j ) = 0, and
The ξ i are the three SO(3, R) right-invariant Killing vector fields, satisfying locally the "intrinsic frame" angular momentum brackets {ξ i (x), ξ j (y)} = −ǫ ijk ξ k (x)δ(x − y), and are given in terms of the angles χ i and their conjugated momenta p χ i via
7 The relation between an explicit parametrization of the singular strata and their description as a certain limit of the principal orbit stratum has been studied recently in [40] investigating the geodesic motion on the GL(n, R) group manifold. 8 In terms of the Euler angles χ i = (α, β, γ) the three right-invariant Killing vector fields ξ i read ξ 1 = sin γ p α − (cos γ/ sin α) p β + cos γ cot α p γ , ξ 2 = cos γ p α + (sin γ/ sin α) p β − sin γ cot α p γ , and
where the matrix M is
In terms of the principal-axes variables (48), the o(1/g) Hamiltonian (47) can be written in the form (for technical details see Appendix D)
with the diagonal components β i and the off-diagonal components b i of the the symmetric part of the chromomagnetic field (see Appendix D)
the abbreviations
and the potential V , defined in Eq. (29) and rewritten in the principal-axes variables as (see [22] and the errata [23])
(60) The dependence on the angular variables χ i in Eqs.(57), (58), and (60) has been collected into the vector fields
and the components of the connection one-form Γ
We see that through the principal-axes transformation of the symmetric tensor field S, the highest order g 2 terms in the Hamiltonian (56), which are proportional to the spatially homogeneous part V hom of the potential (60),
depend only on the diagonal fields φ i , while the rotational degrees of freedom χ i and their canonically conjugate momenta p χ i appear in the unconstrained Hamiltonian (56) only via the Killing vector fields ξ i , the connection Γ, and the vectors X i . The transformation (32) , rewritten in terms of angular and scalar variables,
excludes the θ dependence from the Hamiltonian (56), reducing it to the zero θ angle expression [22] 
(65)
Second-order unconstrained Lagrangian
We are now ready to derive the Lagrangian up to second order in derivatives corresponding to the Hamiltonian (56). Carrying out the inverse Legendre transformation,
with the matrix M given in Eq. (55) and the 3 × 3 matrix G,
similar to the diagonal matrix k = diag k 1 , k 2 , k 3 with entries k i of Eq. (59), we arrive at the second-order Lagrangian
with all θ dependence gathered in the reduced topological charge density
The Q (2) in the effective Lagrangian (69) can be represented as the divergence
i ), with the components
with the space components of Γ given in Eq. (62), and the time components correspondingly defined as
This completes our construction of the second-order Lagrangian with all θ contributions gathered in a total differential (70) (see also Appendix D). We have found the unconstrained analogue of the Chern-Simons current K (2) µ , linear in the derivatives. Under the assumption that the vector part K (2) i vanishes at spatial infinity, the unconstrained form of the Pontryagin index p 1 can be represented as the difference of the two surface integrals
which are the winding number functional (12) for the physical field S in terms of principalaxes variables (48) at t → ±∞, respectively, since K 
Unconstrained theory for degenerate configurations
The previous study was restricted to consideration of the domain of configuration space with det S = 0, where the change of variables (14) is well defined. In this section we would like to discuss the dynamics on the special degenerate stratum (DS) with rank S = 1, corresponding to the case of two eigenvalues of the matrix S vanishing. To investigate the dynamics on degenerate orbits it is in principle necessary to use a decomposition of the gauge potential different from our representation (14) and the corresponding subsequent principal-axes transformation (48) . Instead of this, we shall use here the fact that the degenerate orbits can be regarded as the boundary of the nondegenerate ones and find the corresponding dynamics by taking the corresponding limit from the nondegenerate orbits. Assuming the validity of such an approach we shall analyze the limit when two eigenvalues of the symmetric matrix S tend to zero. 9 Due to the cyclic symmetry under permutation of the diagonal fields it is enough to choose one singular configuration
Note that for the configuration (76) the spatially homogeneous part (63) of the square of the magnetic field vanishes and the potential term in the Lagrangian (69) reduces to the expression
which can be rewritten as [22, 23 ]
introducing the unit vector
Hence the unconstrained second-order Lagrangian corresponding to the degenerate stratum with rank S(x) = 1 takes the form of the nonlinear σ-model type Lagrangian
for the unit vector n(x) field coupled to the field φ 3 (x). The density of the topological term Q DS in the Lagrangian (80) can be represented as the divergence
of the four-vector
If we impose the usual boundary condition that the field n becomes time independent at spatial infinity, the contribution from the vector part K i DS vanishes and the unconstrained form of the Pontryagin topological index p 1 for the degenerate stratum with rank S = 1 can be represented as the difference
of the surface integrals
of the fields
We shall show now that the surface integrals (84) are Hopf invariants in the representation of Whitehead [29] .
Under the Hopf mapping of a three-sphere to a two-sphere having unit radius, N : S 3 → S 2 , the preimage of a point on S 2 is a closed loop. The number Q H of times the loops corresponding to two distinct points on S 2 are linked to each other is the so-called Hopf invariant. According to Whitehead [29] , this linking number can be represented by the integral
with the so-called Hopf two-form curvature
and the one-form w 1 related to it via w 2 = dw 1 . Since the curvature H ij is divergence-free,
it can be represented as the rotation
in terms of some vector field A i (i = 1, 2, 3) defined over the whole of S 3 . Thus the Hopf invariant takes the form
Therefore, the surface integrals (84) are just Hopf invariants in the Whitehead representation (90) and the unconstrained form of the topological term Q (2) is a threedimensional Abelian Chern-Simons term [4] with "potential" V i and the corresponding "magnetic field" rotV. The topological term in the original SU(2) Yang-Mills theory reduces for rank-1 degenerate orbits not to a winding number, but to the linking number Q H of the field lines.
We would like to end this section with two important open questions to be posed for future investigations. First, it would be very interesting to work out whether the classical unconstrained theory obtained for degenerate field configurations can be used to obtain some effective quantum model relevant to the low-energy region of Yang-Mills theory, such as those proposed and discussed recently in [41] - [44] . Second, due to the noncovariance of the symmetric gauge imposed, the Lorentz transformation properties of the fields φ 3 and n are nonstandard (see, e.g., similar discussions for the case of the Coulomb gauge in electrodynamics [48, 49, 50] ). A careful investigation is necessary, taking into account surface contributions to the unconstrained form of the generators of the Poincaré group.
Conclusions and remarks
We have generalized the Hamiltonian reduction of SU(2) Yang-Mills gauge theory to the case of nonvanishing θ angle, and shown that there is agreement between the reduced and original constrained equations of motions. We have employed an improved derivative expansion of the nonlocal kinetic term in the unconstrained Hamiltonian obtained and investigated it in the long-wavelength approximation. The corresponding second-order Lagrangian has been constructed, with all θ dependence gathered in the four-divergence of a current, linear in the derivatives, which is the unconstrained analogue of the original Chern-Simons current.
For the degenerate gauge field configurations S with rank S = 1, we have argued that the long-wavelength Lagrangian obtained reduces to a classical theory with an Abelian Chern-Simons term originating from the Pontryagin topological functional. Therefore the topological characteristic of the degenerate configuration is given not by a winding number, but by the linking number of the field lines.
Finally, let us comment on the Poincaré covariance of our unconstrained version of Yang-Mills theory. It is well known that the Hamiltonian formulation of degenerate theories reduced with the help of noncovariant gauges destroy the manifest Poincaré invariance. Our "symmetric" gauge condition (15) is not covariant under standard Lorentz transformations. This, however, does not necessarily violate the Poincareé invariance of our reduced theory. Such a situation can be found in classical electrodynamics. After imposing the Coulomb gauge condition the vector potential ceases to be an ordinary Lorentz vector and transforms nonhomogeneously under Lorentz transformations. The standard Lorentz boosts are compensated by some additional gauge-type transformation depending on the boost parameters and the gauge potential itself (see, e.g., [48, 49, 50] ). As for the case of the Coulomb gauge in electrodynamics, a thorough analysis of the Poincaré group representation for our reduced theory obtained by imposing the symmetric gauge condition is required. This problem is technically highly difficult and demands special consideration that is beyond the scope of the present article.
Appendix A: Conventions and notation
In this appendix, we collect the notation and definitions for SU(2) Yang-Mills theory used in the text following [4] .
The classical Yang-Mills action of the su(2)-valued connection one-form A in fourdimensional Minkowski space-time with a metric η = diag 1, −1, −1, −1 reads
with the curvature two-form
and its Hodge dual * δ ab . In the coordinate basis the components of the connection one-form A are
and the components of the curvature two-form F are
Its dual * F is given as *
with the totally antisymmetric Levi-Civitá pseudotensor ε µνρσ , using the convention
The θ angle enters the classical action as the coefficient in front of the Pontryagin index density
The Pontryagin index density is a closed form dQ = 0 and thus locally exact
with the Chern three-form
The corresponding Chern-Simons current K µ is a dual of the three-form C,
with the notations A µ := g τ a A a µ and F µν := g τ a F a µν . The chromomagnetic field is given by
and the covariant derivative in the adjoint representation as
Finally, we frequently use the matrix notation
Appendix B: On the existence of the "symmetric gauge"
In this appendix we discuss the condition under which the symmetric gauge
exists. According to the conventional gauge-fixing method (see, e.g., [45] ), a gauge χ a (A) = 0 exists if the corresponding equation
in terms of the gauge transformed potential
has a unique solution for the unknown function ω(x).
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Hence the symmetric gauge (106) exists if any gauge potential A can be made symmetric by a unique time-independent gauge transformation. The equation that determines the gauge transformation ω(x) which converts an arbitrary gauge potential A(x) into its symmetric counterpart can be written as a matrix equation
with the orthogonal 3 × 3 matrix related to the SU(2) group element
and the 3 × 3 matrix Σ
We shall now prove the following Theorem. For any nondegenerate matrix A Eq. (109) admits a unique solution in the form of a 1/g expansion
Proof. In order to prove the statement, we first note that equating coefficients of equal powers in 1/g in the orthogonality condition
as well as the conditions
for the unknown functions X (n) . Furthermore, plugging expansion (112) into Eq. (109) and combining the terms of equal powers of 1/g, we find that the orthogonal matrix O 
and the X (n) should satisfy the infinite set of equations
where the corresponding 1/g expansion for the matrix Σ(ω)
has been used. Note that in the expansion (117) the nth order term Σ (n) is given in terms of O (0) and X (a) with a = 1, · · · , n − 1. From the structure of Eqs. (113)- (116) one can see that the solution to Eq. (109) reduces to an algebraic problem. Indeed, the solution to the first, homogeneous equation (115) is given by the polar decomposition for the arbitrary matrix A,
for the degenerate field configurations A with det A = 0, are beyond the scope of this appendix and will be discussed in detail elsewhere. Here we limit ourselves to the consideration of a specific example, elucidating the generic picture.
In the case that the matrix A is degenerate, we encounter the problem of Gribov's copies. As an illustration of the nonuniqueness of the gauge transformation that turns a given field configuration A into the corresponding symmetric form, we consider the "degenerate" field
known as the non-Abelian Wu-Yang monopole field, with the unit vectorr a = x a /r and r = x 
with U(ω) = e ωaτa parametrized by one time-independent spherical symmetric function
the Wu-Yang monopole configuration (121), antisymmetric in space and color indices, can be brought into the "symmetric form"
if the function f (r) is constant and takes four values:
f (r) = π/3 , 7π/3 for (+), 5π/3 , 11π/3 for (−).
Here S + can be obtained from the Wu-Yang monopole configuration (121) by applying two different gauge transformations with f (r) = π/3 , 7π/3,
while the S − configuration can be reached using f (r) = 5π/3 , 11π/3,
Here it is in order to make the following comments.
For the above gauge transformations we have lim r→∞ U = ±I. Thus they are neither small gauge transformations nor large gauge transformations belonging to any integer n-homotopy class [4] .
The symmetric configurations (124) corresponding to the Wu-Yang monopole lie on the stratum of degenerate symmetric matrices with one eigenvalue vanishing and two eigenvalues equal to each other.
The symmetric configurations S + and S − in Eq. (124) with twofold Gribov degeneracy are related to each other by parity conjugation. 
D1. Unconstrained magnetic field
The physical chromomagnetic fields B ai (S), given in Eq. (28), can be regarded as the components of the dual * R ij ∂ j dual to the one-forms ω j , ω i (X j ) = δ ij , and acting on the basis elements e a as X i e a = − 
The explicit expressions for the diagonal components β i and the off-diagonal components b i of the symmetric part of the chromomagnetic field
are given in terms of the diagonal fields φ i and the angular fields χ i in cyclic form
(cyclic permutations i = j = k), and the antisymmetric part B 
with the space components of Γ given in Eq. 
with the three-form
